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EPI-DERIVATIVES OF INTEGRAL FUNCTIONALS
WITH APPLICATIONS

PHILIP D. LOEWEN AND HARRY H. ZHENG

ABSTRACT. We study first- and second-order epi-differentiability for integral
functionals defined on L2[0, T], and apply the results to obtain first- and
second-order necessary conditions for optimality in free endpoint control prob-
lems.

1. INTRODUCTION

The notion of epi-differentiability for nonsmooth functions with extended
real values was introduced and developed by Rockafellar [12, 13]. He shows
[12, Theorem 4.5] that a sufficient condition for f:R™ — R U {+oo} to be
twice epi-differentiable at the point x is the existence of a local representation
f=goF inwhich F:R" - R? isa C? mapping and g:R? - RU {+o0} is
a piecewise linear-quadratic convex function such that g(F(x)) is finite and a
certain constraint qualification holds. Under these conditions f is called fully
amenable at x. A large class of finite-dimensional optimization problems can be
described in terms of fully amenable functions. Poliquin and Rockafellar [9, 10]
develop a calculus of epi-derivatives and apply it to derive optimality conditions
for certain mathematical programming problems.

Epi-differentiability has also been studied in reflexive Banach spaces. Do
[5] treats convex integral functionals, while Cominetti [4] considers general
amenable functions. A discussion of their results, of Noll’s recent work [8],
and of Levy’s concurrent research on the same topic [6], appears at the end of
Section 3.

In this paper, we study the epi-differentiability of the extended-valued func-
tional ¥ defined on L2([0, T]; R™) by

T
F(u) = /0 £t u())dt,

where the integrand f(¢, -) is, for almost all ¢, a fully amenable function of
a particular form, namely, the sum of a finite-valued fully amenable function
and an indicator function. (See Section 3 for details.) We show that the the
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first and second epi-derivatives of .¥ can be expressed in terms of the epi-
derivatives of f(¢, -)—effectively justifying the operation of “differentiating
under the integral sign”. This reduces our infinite-dimensional differentiation
problem to a finite-dimensional one for which results are already available, and
lets us obtain optimality conditions for minimization problems involving .# .
We also discuss the epi-differentiability of simple composite functionals involv-
ing %, particularly Bolza functionals. We then apply our results to derive
second-order necessary conditions for free endpoint control problems. Since
epi-differentiability has a strong geometric foundation and can capture the local
behavior of integral functionals near a given point, this method may also be
useful in studying optimality conditions for problems with constraints on both
endpoints.

We begin with some background material, then study the epi-differentiability
of the nonconvex integral functional .# , and finally apply our results to a Bolza
functional.

2. BACKGROUND MATERIAL

We write R for the extended real line R U {+00} . Throughout this section,
(X, |I-1) is a normed linear space; a function f: X — R is called proper when
its domain, the set dom f = {x € X : f(x) < +o0}, is nonempty. In cases
where X is finite-dimensional, we think of its elements as column vectors and
the elements of X* (e.g., gradients and normal vectors) as row vectors.

Given an extended-real-valued function f on X and a point x in the do-
main of f, the first difference quotient for f at x is the function f, ,: X — R
defined by

fo ) = f(X+hJ;1)—f(x).

The epi-differentiability of f at x is characterized by the equation

(1) limsupepi f; , = liminfepi f, , = epi f}.
hl0 ' h10 ’

(Recall that for any g: X —» R, epig={(x,r) : xedomg, r> g(x)}.) We
say that f is epi-differentiable at x if the first equation holds and the function
f, defined by the second equation obeys f;(0) > —oc. In this case the function
f; is lower semicontinuous and satisfies f}(0) = 0: it is called the epi-derivative
of f at x. This is the Kuratowski-Painlevé mode of epi-convergence, in which
the strong topology is used throughout. Thus criteria (I) and (II) below are both
equivalent to (1).
(I) For any y € X and any sequence #; | 0 we have both
(i) Any sequence y; — y obeys liminfi_. fy 5, (vi) > fx(¥); and
(ii) There exists a sequence y; — y such that limsup, . fi 4, (yi) <
L)
(II) For all y € X, we have

liminf inf f, ,(»') =limsup inf £, ,(V') = fL(¥)
hloy' -y~ 7’ hio Y'Y
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where, by definition,

liminf inffx 1164 )—hmhmmf inf £, .00,
y'-y 10 Ao ly'—yll<e™ ™’

hmsup 1nffx ,,(y)_hmhmsup inf £, 40
hlo  Iy'—yli<e

To arrive at a third char_actenzauon of epi-differentiability, we recall that any
proper function F:X — R gives rise to a family {F*}, = of Moreau-Yosida
approximates, where

A — 3 2
Fi(x) = inf {F(u) + Mu—x|’} V¥xeX.

Note that F*(x) is nondecreasing as a function of A. The following result of
Attouch [1, Thm. 2.65] relates compound limits of the sort in criterion (II) to
iterated limits involving the Moreau-Yosida approximates.

Theorem 1. Let each F;: X — R be proper. If there exist r > 0, xo € X, such
that
inf Fi(x) > -r(lx - xol*+1) VxeX,
1

then the following equations hold for every x in X :
lim _inf inf Fi(x') = lim lim inf Fl(x),
lim sup 1nf F(x') = hm llmsupF'l( X).

i—oo X im0 oo

It follows from Attouch’s theorem that if x € dom f is a point where each
difference quotient f; , (A > 0) is proper and there exist » > 0 and yp € X
such that

(2) inf fi 4() 2 =r(ly =pl*+1)  WyeX,

then the epi-derivative f] can be characterized as follows:

() lim liI}lll%)nff;1 #(y) = lim lim sup f* ,(») = fi(y) VyeX.
—00 ’ =% A0 ’

Now suppose that f is epi-differentiable at x. A vector w € X* is called
an epi-gradient of f at x if

The set of vectors w satisfying this condition is written 8 f(x). For any w in
df(x), the second difference quotient of f at x relative to w is the function
S, w,n: X — R defined by

S(x+hy) - flx)—h{w, y)
f:vwh() h2/2 .

The function f is called twice epi-differentiable at x relative to w with second
epi-derivative f¢ w if the following equations hold with ¥ w(0) > —o0:

(3) limsupepi fy o, » = lit}lll%nfepifx,w,h =epi fy -
10 ’
Again, the first equation is the epi-differentiability criterion, while the second

defines the function f . There are alternative characterizations of f}' ., , just
as there are of f .



446 P. D. LOEWEN AND H. H. ZHENG

The simplest interesting class of epi-differentiable functions is the set of con-
vex functions. Rockafellar [12] proves the following results. Suppose X = R’
and 0: X — R is convex and finite-valued. Then o is epi-differentiable at any
point &, where its epi-derivative coincides with the directional derivative
g(@+ ha) —a(a)

7 .
This is the support function of the set of epigradients do(a), which agrees with
the usual subdifferential of convex analysis. A sufficient condition for the convex
function ¢ to be twice epi-differentiable at & is that it be piecewise linear-
quadratic near @, i.e., that some open cube centred at & admit a decomposition
into finitely many polyhedral cells, in each of which ¢ is either quadratic or
affine. In this case any y in do(@) obeys

o7 () = 0(a) + ¥sp)(a),

4 (o) =1i
(4) o~(a) lim

where

o(@ + ha) — 6(&) — hol(e)
22 ’

) ={a: (@, n=c@)}.

At the other extreme, consider a closed convex subset C of R¥, and the
indicator function ¥¢:R* — R defined by setting ¥¢(a) = 0 if a € C, and
Y (a) = +oo otherwise. This function is also epi-differentiable at any point of
its domain: given @ € C, we have

(Fe)s(@) =¥, o(@)  VaeRK,

where T¢(a) is the usual closed convex cone of tangents to the set C at the
point a. The epi-derivative is the support function of the normal cone (whose
elements are row vectors)

(6) Nc(a)={ce(Rk)*:<c,a-a>50\mec}.

The second epiderivative of W is sure to exist if C is polyhedral, i.e., the
intersection of finitely many closed half-spaces.

After proving the preceding statements about convex functions, Rockafellar
[12] generalizes them to sums and smooth compositions. As before, let o: R —
R be a finite-valued convex function, and let C C R* be a closed convex set.
Let F:R” — R’ and G:R” — R* be continuously differentiable, and consider

the function

f(u) = o(F(u)) + ¥c(G(u)).
The domain of f is the set U = {u € R™ : G(u) € C}: we call points in
U feasible. Associated with each feasible point u is the following constraint
qualification:

(CQ) If n € Nc(G(u)) and nG'(u) =0, then n=0.
This is well known as the dual form of the Mangasarian-Fromovitz constraint
qualification. It implies that the tangent cone to U at u is

(7) Ty(u) = {v eR™ : G'(u)v € Tc(G(u))}.
We now quote Rockafellar [12, Theorem 4.5], calling on the notation of (4)-

(7).

o4(a) = lim
~(a) lim

(3)
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Theorem 2. If u is feasible and satisfies (CQ), then f is both epi-differentiable
and (Clarke-) subdifferentially regular at u, with

(8) Ju(0) = 05y (F' ()v) + ¥, () (V).
The function f, is the support function of the epigradient set
9) 0 f(u) = 9o (F(u))F'(u) + Nc(G(u))G' (w).

If in addition F and G are C?*, o is piecewise linear quadratic, and C is
polyhedral, then f is twice epi-differentiable at u relative to any w € 8 f(u),
with

= T
(10) /0 (v) = oo (F'w) +  max  {oT[7F +nGT" (v} + ¥aqu,u(v),

where
T(u, w)={(y, n) € da(F(u)) x Nc(G(w)) : yF'(u) + nG'(u) = w}
is a nonempty, bounded, polyhedral convex set, and

(u, w) = {v ER™ 1 veTy(u), py(F'(upw)=(w, v)}

is a polyhedral convex cone.

Note that the theorem’s assertion of Clarke regularity implies that the epigra-
dient set 8 f(u) coincides with Clarke’s generalized gradient of f at u (see [3]),
which is given in the regular case as the set of (row vectors) { for which

i L) = L@ = (€, v =)

vy llv — ul|

> 0.

3. EPI-DERIVATIVES OF INTEGRAL FUNCTIONALS
Consider the following integral functional defined on L%([0, T]; R™):

T
Fu) = /0 £(t, u(t))dt.

Here the integrand has the form f(¢, u) = a(F(¢, u)) + Yc(G(t, u)), where
the functions F:[0, T] x R™ — R’ and G:[0, T] x R — R are measurable
in ¢t and continuously differentiable in u, the function ¢ is convex and finite-
valued on R/, and the set C in R* is nonempty, closed and convex. We write
U(t)={ueR™ : G(t, u) € C}, and note that every u in L? for which % (u)
is finite must obey u(¢) € U(¢) almost everywhere. Throughout this section
we deal with a fixed function % in L? with #(u) finite. Our main results
are Theorem 3, which deals with first-order derivatives, and Theorem 5, which
treats the second-order case.

In the remainder of the paper, we reserve the notation (-, -) for the inner
product in L?; inner products in other spaces will be labelled explicitly, and
finite-dimensional inner products will be indicated by simple juxtaposition.
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Theorem 3. Suppose there exist a constant ¢ > 0 and an integrable function ¢
such that for almost all t in [0, T], u(t) € U(t) satisfies both the constraint
qualification (CQ) and the growth condition

- O(F(u(t) + hx)) - o (F(u(1)))
h>0 h
Then # is epi-differentiable at u, with epiderivative given by (see (8))

> ¢(t) —c|x|* Vx eR™

T
(11) J’u’(v)=/0 fLawpw@)dt Yo e L2

The proof of Theorem 3 relies on some standard material from the theory of
integral functionals. (See Rockafellar [11, Theorems 2A and 3A].) Consider a
function f:[0, T] x R™ — R for which u — f(t, u) is lower semicontinuous
for each fixed ¢. Such an [ is called a normal integrand if the epigraph
multifunction ¢ = epi f(z, -) is measurable. This is true if and only if f
itself is . x % measurable. If f is a normal integrand for which the left side
of equation (12) below is finite, then the equation itself is valid:

T T
(12 wudnt [ e ueya= [ ing rewya

Proof of Theorem 3. By hypothesis, the first difference quotient obeys the esti-
mate below:

J ) s /T a(F(t, u(t)+ hv(;l))) —a(F(t, u(t))) "
0

T
> /0 $(0)di - cllv]2.

Thus 7, , is proper and condition (2) holds. By criterion (III) in Section 2,
the epi-differentiability of ¥ at u is equivalent to

(1) lim liminf #*,(v) = lim limsup %}, (v).
iSoo hl0 ¥ A—oo  p10 “
For each A > 0, we have

A _ o2
) = inf {4 4(x) + Allx - vl

x€L?

T
= inf | [f,,u(,),,,(x(z))+/1|x(z)—v(z)|2] dt.

Now ¢ and ¥, are normal integrands, and (¢, x) — (F, G)(¢, u(t) + hx)

is measurable in ¢ and continuous in x, so the function (¢, x)

— fi,u@),»(x) is a normal integrand by [11, Proposition 2N]. Note that tak-

ing x =0 gives

T

T
06, [ [ wx(0) + A0 = v(0P] de <2 [ w0 i < .

We may therefore apply (12) to take the infimum under the integral sign above
and deduce that %, (v) = [ f*,, ,(v(D))d!. But

Foouy w(X) 2 $() = clx* > k(1) = 2cx — v (1)]?,
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where k;(t) := ¢(t) — 2c|v(t)|2 is integrable. Thus whenever 4 > 2¢ we have
. 2
k() < fr oy w@©0) = inf {fr 10 +Ax =00 } < (o).

By Fatou’s lemma (assuming A > 2¢) we have

tim inf. 7 / Himinf 77 ) 4(0(0) .

For any fixed ¢, the integrand on the nght is nondecreasing as a function of
A, and is bounded below by k(). Thus the monotone convergence theorem
applies, to give

T T
lim 11m1anZ p(v) > / lim hmmff,'1 (v())dt =/ fu'(,)(v(t))dt
Similarly, we have
lim lim supf / lim hm supf u(ny, n(V(0) dt —/ Fuw(v(2)) dt.
A—oo  plo 0 A—oo

Combining these two inequalities conﬁrms (t). o
Here is an immediate consequence of Theorem 3 in terms of epigi‘adients.

Corollary 4. Under the conditions of 3, the set of epigradients of ¥ at u is
8.7 (u) = {w eL?: w(t)edf(t, ut) ae tel0, T]}.

Here 0 f(t, u(t)) refers to the set of epigradients in u for fixed t; see (9).
Proof. If w € L? satisfies w(t) € f(t, u(t)) a.e., then we have

’v)=/0 Sy (v( dt>/ w(t =(w, v)

for any v in L?,so w liesin 0.7 (u).
On the other hand, if w belongs to 8.7 (u), then for any v € L? we have

T
fl — /A
(w , v) < () /0 o w(0) dt,
that is,

T
() inf [f,’,u(,)(v(t)) _ w(t)v(t)] dt > 0.

veL? Jo
Now (f);,u(,)(x) = g(/p,G)(l,u(,))((F , G)(t, u(t))x) = limhw &n(t, x), where

o(F(t, u(t)+ hx))—a(F(t, u(t))) + Yc(G(¢, u(t) + hx))
gh(t > X) = ) .
Since g, is a normal integrand, it must be ¥ x % measurable. Therefore
(f )i, u(r)(X) , being the pointwise limit of g, (¢, x), must also be .2 x Z mea-
surable. It is also lower semicontinuous with respect to x by the definition
of the epi-derivative. Thus (¢, x) — (f); ,(x) is a normal integrand. By

applying (12) to (x) we get

T
/ inf [£7 () —w v]dtZO.

0 VER™
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Since the integrand here is obviously nonpositive (take v = 0), it must actually
vanish for almost all ¢. That is, w(¢) € 8 f(¢, u(t)) almost everywhere. O

Now we turn to the second order epi-differentiability of .7 .

Theorem 5. Suppose both functions F and G are C? in x, the convex function
o is piecewise linear quadratic, and the set C is polyhedral. Suppose further that
there exist ¢ > 0 and ¢ € L'[0, T] such that for almost all t in [0, T], the
set U(t) is convex, the vector u(t) € U(t) satisfies the constraint qualification
(CQ), and for any y in 8a(F(t, u(t))) one has the growth condition

a(F(t, u(t) + hx)) — U(;;(/ti u(t))) — hyF'(t, u(t))x > ¢(t) — c|x|2
Vx € R™.

Then % is twice epi-differentiable at u. Its second epi-derivative relative to w
in 0.7 (u) is (see (10))

T
(13) T (w) = /0 o w@B)dt Vv e L2,

Proof. Since w(t) is an epi-gradient of f at u(¢), Theorem 2 provides y(¢) €
0o (F(t, u(t))) and n(t) € Nc(G(¢t, u(t))) such that

w(t) = y(O)F'(¢, u(®)) + n()G'(¢, u(?)).
Fix x in R™. If u(t) + hx ¢ U(), then f; u),w(e),n(x) = oco. Other-
wise, the convexity of U(t) implies x € Tyq)(u(t)), that is, G'(¢, u(t))x €
Tc(G(t, u(?))), so n(t)G'(¢t, u(t))x < 0. Thus our assumed growth condition
leads to the estimate

Sf(t, u(®) + hx) = f(2, u(t)) — hw(t)x
=o(F(t, u(t) + hx)) — a(F(t, u(?))) — hw(t)x
=o(F(t, u(t)+ hx)) —a(F(t, u(t)))
—hy(O)F'(t, u(t))x — hn()G' (¢, u(t))x
> (g(6) - clxI*) h2/2.

In either case, we have f; ), w,r(X) > ¢(2) - c|x|* for all x. Thus for
any 0<h<1and v elL?, the second difference quotient %, , ,(v) =
fo Je,uw,wo, n(v(2) dt is at least fo t)dt—c|lv||5, which confirms the growth
condition (2) of Attouch’s theorem. By the second-order cognate of crite-
rion (IIT) in Section 2, the second-order epi-differentiability of ¥ at u relative
to w is equivalent to

lim liminf %}, ,(v) = lim limsup %}, , (v).

A—oo  hlO A—o0  p10

h>0

For each A > 0, we have

Tt 4 @) = inf { A o 4(x) + Alx - vl13}
x€L
T

= inf [ (oo, wio, 1600 + Ax(0) — (o)) dt
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Since fi,u(),w(y),n(x) is a normal integrand and f; ,u),we,n(X) = 6(2) —
2¢c|v(t))? - 2¢|x — v(2)]*, we also have

k(1) = (1) = 2clu(0)* < S 4y i 4 (D) < A (O

for A > 2c¢. Thanks to Fatou’s lemma and the monotone convergence theorem
(see the proof of Theorem 3), the result follows. O

Let us apply our differentiation theorem to the integrand

l
(14) S, u)= jpax {fitt, WY+ D pildi(filt, w) +¥c(G(t, w).

i=h+1

Here each p;:[0, co) — R has the form p;(x) = 1rix? + a;x + b; with r; >0
and a; > 0. So p; is a nondecreasing affine (r; = 0) or convex quadratic
(ri > 0) function. Each d; is a distance function associated with either an

infinite interval or a single point:

di(z) = {

Thus f can be intepreted as a maximum of finitely many smooth functions,
plus a standard augmented penalty function (optional—set p; = 0), plus an
infinite penalty function (optional—choose C = R™).

We express the integrand in the simple form

ft, w)=a(F(t, u)) +¥c(G(t, u)

by introducing the notation

max{0,z—-¢}, ifi=L+1,...,0L,
|z —cil, ifi=h+1,...,1

!
g(a) = max {a;} + Y pi(di(a)),

Isish i=l+1
F(t,u)=(fit,u), ..., fi(t, u)).

We also denote

rew={r<ish St ) = max file

I

S(t, u)= {yeRi‘ DY vi=1; 3i=0, i¢1(t,u)} ,
i=1

pi(t, u) = pi(di(fi(t, w)) = ridi(fi(t, u)) + a;,

Si(¢, u) =pi(t, w)od;(fi(t,u)) for i=0L+1,...,1L

In this notation, the epiderivative and subgradient of the convex function &
are given by

!
a}(,,u)(a) = max {a;}+ E pi(t, u)(di)},-(t,u)(ai)
JEI(t,u) i1

8a(F(t, u) = S(t, u) x Sy 1 (¢, u) x -+ x Sy(¢, u).
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According to Theorem 2, the function f(¢, -) is twice epi-differentiable at any
point u € U(t) where the constraint qualification (CQ) holds. Its first epi-
derivative with respect to u is given by

S u(v) = 0pq o (F'(t, w)v) + ¥ryw(v).
Its second epi-derivative in u, relative to some w € 3 f(¢, u), is given by

i
2
@)= 3 [ wT0)]
i=1|+l
+ ma vT[yF +nGY'(t, N7 V),
(Y,rl)el"(t)fu,w){ [y G u)v}+ (t,u,w) (V)
where

(¢, u,w)={(y,n) €da(F(t,u)) x Ne(G(¢t, u)) :
yF'(t, u) +nG'(t, u) = w},

(e, u, w) = {v € Tu(U) © O (F'(1, 0)0) + Pry(v) = wv}.

These finite-dimensional calculations underlie the following infinite-dimensional
result.

Theorem 6. With f defined in (14), let u be a function such that u(t) € U(t)
satisfies (CQ) for almost all t. Suppose there exists a constant ¢ > 0 such that
for almost all t, any x and y in R™ satisfy

() yTf(t, x)y > —cly|* for i=1,..., 1,

(i) [pTA (¢, x)y| <clyl? for i=h+1,...,1,

(i) pi(t, u@)<c fori=L+1,...,1.
Suppose further that |F'(t, u(t))|* is integrable on [0, T). Then S is epi-
differentiable at u, and its epi-derivative is given by .7/ (v) = fo L un(@)dt.
Furthermore, if U(t) is convex, then .5 s twice epi-diﬂerenlzable at u and
its second epi-derivative relative to any w € 0.7 (u) is given by 5/ ,(v) =

I Ay o) dt.

Proof. The conclusions are precisely those of Theorems 3 and 5: we need only
establish the growth conditions of those two results. The arguments in both
cases are similar, so we discuss only the more demanding second-order condition
of Theorem 5. For any y € da(F(t, u(t))), the definition of subgradient and
the mean value theorem imply

o(F(u(t)+ hx)) —a(F(u(t))) . (F(t, u(t) + hx) — F(t, u(t)))

v

h2]2 h2)2
_(hF'(t, u(t)x v o~ )
—y(———hz/z + F"(t, u)(x, x) ).
Now y € da(F(t,u(t)),so 0 <y; <1 fori=1,...,/,and 0 <y <
pi(t,u(t)) <c for i =1 +1 s, and || < pi(t, u(t) < c for i =
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L+1,...,1. Thus our previous estimate implies
o(F(t, u(t) + hx)) — a(F (2, u(r))) — hyF'(¢, u(t))x
h2]2
i

h
> =Y enlxP - Y epilt, u(®)lx’
i=1

i=11+l

> —¢lx|

for some constant ¢. This establishes the growth condition of Theorem 5, and
hence the result. O

Comparison to other work. The generalization of epi-convergence from finite to
infinite-dimensional spaces calls for some discussion of the topologies involved.
Mosco epi-convergence, defined by changing “y; — y ” to “ y; converges weakly
to y” in criterion I(i) of Section 2, is appropriate in many problems, including
the analysis of convex integral functionals—see Do [5]. However, the Mosco
epi-limit of any functional is, by definition, weakly lower semicontinuous, and
it is well known that every weakly lower semicontinuous integral functional is
convex. Thus our problem of treating nonconvex integrands, and obtaining cor-
respondingly nonconvex results, can be solved only in some stronger topology.

Cominetti’s work on general amenable functions [4] on reflexive Banach
spaces deals exclusively with epidifferentiability in the Mosco sense. Thus, al-
though [4, Theorem 4.4, page 860] and our Theorem 5 look similar, the former
does not give useful second-order information for the integral functionals con-
sidered here. (The problem can be traced to the weak-continuity assumption
on the second-derivative mapping in [4, Theorem 4.4].) We note, however,
that Cominetti’s Theorem 4.4 has other uses, and that in particular its finite-
dimensional instance generalizes Theorem 2 of this paper.

Noll [8] discusses the (strong) epi-differentiability of integral functionals
whose integrands are finite and have second-order Taylor expansions. Thus
his integrands are at least Fréchet differentiable. He shows that in this case, the
second epi-derivative is a quadratic functional [8, Theorem 3.1]. In contrast,
we deal with extended real-valued, nonsmooth integrands. Our results include
the case where f(¢, u) = F(¢, u) is smooth and scalar-valued as a function
of u: we simply choose / = 1, g(a) = a, G =0, and C = R*. In this
case df(t,u) = {F'(¢t, u)}, and it is easy to calculate I'(z, u, w) = {(1, 0)}
and X(¢, u,w) = R, so f’, ,(v) = vTF"(¢t, u)v. If we add the assump-
tion that inf,cgm F' (¢, X) > —oo, then our Theorem 3 shows that .# is twice
epi-differentiable at u with second epi-derivative

T
S () = /0 oT(OF"(t, u(t))v(t) dt,

as expected. Of course, membership in the class C? is a stronger condition
on F than the existence of a second-order Taylor expansion. But even in this
case, we have something Noll [8] does not cover. He considers only integrands
bounded by quadratic functions [8, (3.2)], or, in the C? case, integrands whose
Hessian matrices are bounded [8, Theorem 4.2]. We only impose a lower bound
on the Hessian matrix. Thus our theory pertains to arbitrary smooth convex
integrands (such as f(¢, u) = e* in the case m = 1), whereas Noll’s requires
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that the integrand grow at most quadratically. As for functionals in Sobolev
spaces, or in our terms Bolza functionals, a similar remark applies.

Levy [6] discusses the strong epi-differentiability of integral functionals in L?
spaces and applies the results to the sensitivity analysis of set-valued functions.
His paper contains results analogous to Theorems 3 and 5, which we proved
independently at about the same time. (The proof techniques, however, are dif-
ferent: Levy chooses sequences satisfing criterion (I) directly, whereas we pass
to Moreau-Yosida approximates and prove (III).) Indeed, a draft of [6] arrived
in time for us to state Theorem 3 and Theorem 5 in a form that facilitates
direct comparison. Our Theorem 6, which identifies a significant class of func-
tions to which the general theory applies, has no counterpart in [6]. Finally,
our applications are disjoint from those in [6]: whereas Levy concentrates on
sensitivity analysis, we discuss the epi-differentiability of Bolza functionals and
the resulting necessary conditions in optimal control.

4. BOLZA FUNCTIONALS
Consider the functional #:L%([0, T], R™) — R defined by

T
Fu) = /0 [L(, (1), u(t)) + Wy (u(z))] dt.,

where U(t) = {u € R™ : G(t, u) € C} asbefore, and the function x is given in
terms of u by x(t) = a(t)+E(u)(¢) for some operator E € .Z(L*([0, T]; R™),
L?([0, T]; R") and function a € L?. Note that the choices m = n and

E(u)(t) = xo +fo r)dr imply x = u a.e., so that _# takes the form of a clas-
sical Bolza functlonal with an infinite penalty for derivative values x(¢) outside
the prescribed velocity set U(¢). In this section we study the epi-differentiability
of £.

As in Section 3, we assume that C is a closed convex subset of R¥, while
G(t, u):[0, T] x R™ — R* is measurable in ¢ and C? in u. The integrand L
must satisfy the following conditions:

(1) The function L(t, x, u) is measurable in ¢t and C? in (x, u);

(2) Both [ |L(z,0,0)dt < oo and J; |L'(z,0,0)]*dt < oc;

(3) There exists a constant ¢ > 0 such that |L"(z, x, u)] < ¢ for all

(t, x,u) in [0, T] x R™"™ .,

(In (2) and (3), the gradient L’ and Hessian L” refer to the vector argument
(x, u) in R*™"™ )
' To differentiate # , we first decompose # = 7 (®(u)), where F(u,v) =
Ax, u) + A(u) is the functional on L2 x L? defined in terms of

T
Alx, u) =/ L(t, x(t), u(t))dt,

/ Yyy(u

O(u) = (a+ E(u), u).
Note that the functional .# is continuously (Fréchet) differentiable and twice
weakly Gateaux differentiable, but in general it is not twice continuously differ-
entiable unless L is precisely a quadratic function. (See Noll [8] for a detailed
example and further references.)
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Since f o ® € C!, we have 9,7 (u) = F'(®(u))¥ (u) + 0%(u). Thus
every w € 0, (u) gives rise to a functional w; = w — 7' (®(u))P?'(¥) in
0A(u), so that w;(t) € Ny()(u(t)) ae. by Corollary 4. For any v € L?,
®'(u)v = (E(v), v): writing y = E(v) gives

(w, v) = (A (®W)¥ ), v)+(w, v)

= (A (@) , P'(U)V) 2y g2 + (w1, V)

T
- /O [Le(0)9(8) + Lu(t)v(1) + w1 ()0 (1)] dt

= <(Lx s Lu + wl) ’ q)l(u)v)szL2 .
So we have w = @' (u)*w , where W(t) = (Lx(t), L,(t) + wy(2)).
We now describe the epi-differentiability of _# .

Theorem 7. If the constraint qualification (CQ) holds at u(t) for almost all t,
then Z is epi-differentiable at u. Its epi-derivative is given by

T
L) =T o, v) = /0 [Le(®)y(t) + Lu(t)p(t) + Pr,,, (u(1))] dt,

where y = E(v). If, in addition, the set U(t) is convex, then £ is twice
epi-differentiable at u relative to w € 8 £ (u), and its second epi-derivative is

T
Al = | [Lz(t, o(t)., (1))

+J21@(’f {foOT(TG)" (1, u(®)v (D)} + ¥y (v(2))]| dt.

Here w :=w — 7' (P(u))P'(u) and
Ly(t,v,y) = 'UTLuu(t)'U + 2.VTLux(t)v +yTLxx( Ny,
I'(t) = {n € Nc(G(z, u(?))) : nG'(¢, u(t)) =
Z(t) = {v € Typ(u() : wi(t)v =0}.
Proof. Note that ¥ = A + % is epi-differentiable, since % is continuously
differentiable and J’z is epi-differentiable by Theorem 3. This is relevant be-
cause F, »(v) = HAx u),n(y, v) where y = E(v). By criterion (I) in Section 2,
our first-order assertions regarding _# will follow if for any point v € L? and
any sequence 4; | 0, both
(i) for any sequence v; converging to v, we have liminfi_, . Fa n (Vi) 2
Fu, 0V, ¥); and
(ii) there exists a sequence Vi converging to v, such that limsup;_, ., % » (vi)
SHu 0 ¥).
Given any sequence v; — v in L2, let y; = E(v;). Then (v;, y;) = (v, y) in
L? x L2 . Since .# is epi- _differentiable at (u, x) we have

llmgf%x,u (yl Vi) 2 A ,u) (y v),

wy (1)},

so condition (i) holds. It remains to prove (11) This is trivial if .f x. 1) y,v)=
00, SO we assume that f x(V,y) is finite. The epl-dlﬁ'erentlablhty of 7
implies that there exists a sequence (wi, v;) — (¥, v) such that

hmsup‘)z(x u),h; (wt s l) < ‘f(‘x,u)(y> 'U).

1—00
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Since the right side is finite, we have u(t) + h;v;(t) € U(t) almost everywhere
for i sufficiently large. Now by definition,

Fx o, n Wiy Vi) =TIy o0 (Vi, Vi) + €

where

6'_/TL(t,x+h,-w,~,u+h,~v,~)—L(t,x+h,~y,~,u+h,~v,~) dt
i = .
0

h;
Using the mean value theorem, we estimate

[L(t,x+y,u+v)—L(t,x+z,u+v)|
=|Le(t,x+60y+ (1 =0)z, u+v)|y - z|
S (ILx(t, x, w)l + clyl + clz| + clv])ly — zI.

It follows that
T
il < /0 (Lx(t, ., )| + clwi] + clyi] + cloi]) [w; — il dt.

The sequence of integrals fOT(|Lx(t , x(2), u(0)|+c|vi(t)| +clw; ()| +c|yi(2)])* dt
is bounded and fOT |w;(t) — y,~(t)|2 dt — 0. Therefore €, — 0 as i — . So

limsup %, (i) = limsup Fy ) n (Wi, vi)) < F5 (Vs ).
1—00 1—00
By criterion (I), the functional # is epi-differentiable at u with epi-derivative
Tl o, 7).
Next, suppose w € 9,7 (u). The second difference quotient of # at u
relative to w is

Fuw, h(V) = Fx w), (Lo, Latwr) k(Y > V).

Note that .# is twice epi-differentiable at (x, u) relative to (L., L, +w;), so
a discussion similar to that for the first epi-derivative shows that # is twice
epi-differentiable at . The only difference is the estimate of €;. This time ¢;
equals

/T L(t, x + hyw;, u+hjv;)) — L(t, x + hiy;, u+ hjv;) — hiLx (¢, x, w)(w; — i) di
0 h2/2 ’

The mean value theorem provides the estimate

|IL(t, x+y,u+v)—L(t,x+z,u+v)— L(t, x, u)(y — z)|
=|(Lx(t>x+0y+(1 _0)2’ u+v)—Lx(t, X, u))(y—z)l

< |y = z|(cly| +clz] + clvl),
which implies that

T
il < /0 2e((wilt)] + (D)) + o)) [wi(t) — vi(0)] dt.

Consequently ¢; — 0 as i — oo, as required. O



EPI-DERIVATIVES OF INTEGRAL FUNCTIONALS 457

5. AN OPTIMAL CONTROL PROBLEM

In this section, we apply our results to obtain necessary conditions for opti-
mality in the following free endpoint control problem:

T
minimize / L(t, x(t), u(0) dt,
0

(P) subject to x(t) = A(¢)x(t) + B(t)u(t) a.e., x(0) = xo,

u(t) e U(t) a.e.
Here the state x evolves in R” and the control u takes values in R™, so the
measurable matrix-valued functions 4 and B have dimensions nxn and nxm
respectively. As before, the control set is U(t) = {u € R" : G(t, u) € C}.

Let X be the fundamental matrix function associated with A, i.e., the
unique solution of the initial-value problem X'(t) = A(t)X(¢), X(0) = I.
Using X, we define the operator E: L%([0, T]; R™) — L2([0, T]; R") and the
function a € L*([0, T]; R") by

(15) u)(t) -/ X()X(s)"'B(s)u(s)ds, a(t) = X(t)xo.

Then the controlled dynamics above reduce to the equation x = a + E(u), so
problem (P) takes the form

minimize # (u) = /OT [L(z, a(t) + Eu)(t), u(t)) + Yy (u(?))] dt

We will apply the analysis of _# in Section 4 to derive optimality conditions
for (P).
The pre-Hamiltonian for problem (P) is
H(t,x,p,u)=pT(A(t)x + B(t)u) - L(t, x, u).
We also consider the extended pre-Hamiltonian function below, which incor-
porates the control constraints through a multiplier vector 5 € (R)*:

k
H(t,x,p,u,n)=pT(AW0x +BO)u)— Lt, u, x) - Y nig(t, u).

i=1

Our final result concerns first- and second-order necessary conditions for op-
timality in problem (P), formulated in terms of the adjoint arc p defined by

(16)  —p()T = Hy(t) = p(1)TA(t) — Ly (¢, x(2), u(t)), p(T)=

Theorem 8. Let (x, u) give the minimum in (P), such that the constraint qual-
ification (CQ) holds at u(t) for almost all t. Then for all (v, v) satisfying the
linearized system

(17 yO =40y +B@w@), y0)=0, v(t) € Typu®),

one has

T
(18) 0< £w) = [ Loyt + Luliyo(0) dr.
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If, in addition, the control set U(t) is convex, then every such pair (y, v) satisfies
(19)

0<.4/(v)

T
= [ et v, 00+ max {0076y e, utepo(o)} + sy w0(0)] i,

where

Ly(t, y,v) = v  Lu(t)v + 2yT Lux(t)v + yT Lex (1),

I'(t) = {n € Nc(G(¢t, u(1))) : #(t) =0},

2(t) = {v € Ty(u(t)) : (p()" B(t) - Lu(t))v = 0} .
Proof. The first-order condition Z/(v) > 0 for all v is a direct consequence
of the definition of the epi-derivative. The calculation of %/ implicit in (17)
and (18) follows from Theorem 7 and the definition of E . Likewise, the second-
order condition %",(v) > 0 forall v is obvious: the point of (19) is its formula
for the second epi-derivative. This follows from Theorem 7, once we evaluate
wy = —F'(®(u))®'(u). For any v € L2, we write y = E(v) to obtain

(A (@)D (u) , v) = (FA'(Pw)) , P(U)V) 12y

= (‘fll(x3 u) s (ya U))szLZ
T
- / (Le(O)¥(1) + Ly(t)(1)) dt

0
T
=, (BT +p()TAM)y(1) + Ly(t)v(1)] dt
T
= /0 (B y(0) +p)Ty(0)) — p()TB()v (1) + Lu(t)v(2)] dt

T
- /0 (Lu(t) - p()TB(1)v(0) dt
=(L,-p"B, v).

Thus w(t) = —[F'(P(u))P (1)](1) = p(1)T B(t) — Lu(t), and the sets I'(¢) and
X(#) of Theorem 7 reduce to those of the current statement. O

Remark. If the gradients g/(¢, u(¢)) corresponding to the equality and active
inequality indices defining the set U(¢) are linearly independent for almost all
t, then the multipliers #7; are unique, and Theorem 8 reduces to Loewen and
Zheng [7, Theorem 3.4].
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